In this work, the concept of almost contraction for multi-valued mappings in the setting of cone metric spaces is defined and then we establish some fixed point and common fixed point results in the set-up of cone metric spaces. As an application, some invariant approximation results are obtained. The results of this paper extend and improve the corresponding results of multi-valued mapping from metric space theory to cone metric spaces. Further our results improve the recent result of Arshad and Ahmad (Sci. World J. 2013:481601, 2013.
Introduction
Fixed point theory has many applications in different branches of science. This theory itself is a beautiful mixture of analysis, topology, and geometry. Since the appearance of the Banach contraction mapping principle, there has been a lot of activity in this area and several well-known fixed point theorems came into existence as a generalization of that principle. Many authors generalized and extended the notion of metric spaces such as b-metric spaces, partial metric spaces, generalized metric spaces, complex-valued metric space etc. For a useful discussion of these generalizations of metric spaces, one may refer to [] .
In , Huang and Zhang [] introduced the concept of cone metric space as a generalization of metric space, in which they replace the set of real numbers with a real Banach space. Although they proved several fixed point theorems for contractive type mappings on a cone metric space when the underlying cone is normal. Rezapour and Hamlbarani [] proved such fixed point theorems omitting the assumptions of normality of cone. After that, the study of fixed point theorems in cone metric spaces was followed by many others (e.g., see [-] and the references therein).
On the other side, Nadler [] and Markin [] initiated the study of fixed point theorems for multi-valued mappings and established the multi-valued version of the Banach contraction mapping principle. Since the theory of multi-valued mappings has many applications, it became a focus of research over the years. Recently, many authors worked out results on multi-valued mappings defined on a cone metric space when the underlying cone is normal or regular (see [-] ). In , Janković et al. [] showed that most of the fixed point results in the set-up of normal cone metric space can be obtained as a consequence of the corresponding results in metric spaces. In the light of this, Arshad and Ahmad [] improved Wardowski's results by proving the same without the assumption of the normality of the cones.
Here, the concept of almost contraction for multi-valued mappings in the setting of cone metric spaces is defined and then we establish some fixed point and common fixed point results in the set-up of cone metric spaces. In this way our results extend the results of Arshad and Ahmad [] and also improve the corresponding results of both single-valued and multi-valued mappings existing in the literature. Before starting our work we need the following well-known definitions and results.
Definition  Let E be a real Banach space with norm · and P be a subset of E. Then P is called a cone if () P is nonempty, closed, and P = {θ }, where θ is the zero element of E; () for any non-negative real numbers a, b and for any x, y ∈ P, one has ax + by ∈ P; () x ∈ P and -x ∈ P implies x = θ .
Given a cone P ⊆ E, we define a partial ordering with respect to P by x y if and only if y -x ∈ P. We shall write x ≺ y if x y and x = y while x y if and only if y -x ∈ int P, where int P is the interior of P. A cone P is called normal if there is a number K >  such that for all x, y ∈ E, θ x y implies x ≤ K y .
The least positive number K satisfying the above inequality is called the normal constant of P. In the following we suppose that E is a real Banach space and P is a cone in E with int P = φ and is a partial ordering with respect to P.
Definition  []
Let X be a nonempty set. Suppose the mapping d : X × X → E satisfies the following:
Then d is called a cone metric on X, and (X, d) is called a cone metric space.
) be a cone metric space and let {x n } be a sequence in X. Then the sequence {x n } obeys the following.
() {x n } converges to x, if for every c ∈ E with θ c there exists a positive integer N such that d(x n , x) c, for all n ≥ N . We denote this by lim n→∞ x n = x. () {x n } is said to be Cauchy if for every c ∈ E with θ c there exists a positive integer
A cone metric space X is said to be complete if every Cauchy sequence in X is convergent in X.
Lemma  [] Let P be a cone in Banach space E. Then the following properties hold:
() If c ∈ int P and a n → θ , then there exists a positive integer N such that for all n > N , we have a n c. () If a ka, where a ∈ P and  ≤ k < , then a = θ .
Definition  []
Let (X, d) be a cone metric space and let C(X) be the family of all nonempty and closed subsets of X. A map H : C(X) × C(X) → E is called an H-cone metric on C(X) induced by d if the following conditions hold:
is an H-cone metric induced by d. It is also known as the usual Hausdorff metric induced by d.
It is to be noted that (C(X), H) is a complete metric space whenever (X, d) is a complete metric space.
Definition  Let X be a nonempty set, T : X → C(X) be a multi-valued mapping, and f : X → X. Then an element x ∈ X is said to be (i) a fixed point of T, if x ∈ Tx; (ii) a common fixed point of T and f , if x = fx ∈ Tx; (iii) a coincidence point of T and f , if w = fx ∈ Tx, and w is called the point of coincidence of T and f .
We denote C(f , T) = {x ∈ X : fx ∈ Tx}, the set of coincidence point of f and T. The set of fixed point of T and the set of common fixed point of f and T is denoted by F(T) and F(f , T), respectively.
Definition  []
Let X be a nonempty set, T : X → C(X) be a multi-valued mapping, and f : X → X. Then f is called T-weakly commuting at x ∈ X if ffx ∈ Tfx.
Main result
We start this section with the following definition. Proof Let x  be an arbitrary fixed element and
. Then, by the definition of H-cone metric there exists x  ∈ Tx  such that
In the same way, we can find a sequence {x n } in X such that x n+ ∈ Tx n , for each n ∈ N ∪ {} and
Since T is a multi-valued almost contraction, in view of (.) we have
By repeated use of (.), we get
x < δ}. Also, since the series
for all m > n ≥ N . Thus, the sequence {x n } is Cauchy. Since X is complete, there exists z ∈ X such that lim n→∞ d(x n , z) = θ . Now we shall show that z is a fixed point of T, that is, z ∈ Tz. As x n+ ∈ Tx n and
using the definition of the H-cone metric there exists y n ∈ Tz such that
Since T is a multi-valued almost contraction and x n+ ∈ Tx n , it follows from (.) that
Then, by the triangle inequality, we get
Further, since d(x n , z) → θ and λ n →  as n → ∞, the right-hand side of the inequality (.) tends to θ as n → ∞. Now, by Lemma , for any c ∈ E with θ c there exists a positive integer N  such that d(z, y n ) c for all n ≥ N  . Thus, the sequence {y n } converges to z. As y n ∈ Tz and Tz is closed, we get z ∈ Tz. Now we present an example in support of the proved result.
with the norm ϕ = sup x∈X |ϕ(x)| + sup x∈X |ϕ (x)| and consider the cone P = {ϕ ∈ E : ϕ(t) ≥ }. Suppose ϕ, φ ∈ E are defined as ϕ(x) = x and φ(x) = x n for each n ≥  Then θ φ ϕ and ϕ = , φ = n + . Given any K >  we can find a positive integer n such that n +  > K . So, φ K ϕ for any K > . Thus, P is non-normal cone. Now,
be the family of all nonempty and closed subsets of X and define a mapping H :
where H u is the usual Hausdorff metric induced by
Now we shall show that T is a multi-valued almost contraction, that is, we show that T will satisfy condition (.). For this, we consider the following possible cases:
, ], then condition (.) can be written as
]. Here, we observe that | 
]. In this case |(
]. Thus, the inequality (.) is true for any λ ∈ (, ) and L ≥ .
, ) and L ≥ , where u is arbitrary element of Tx.
, ) and L ≥ , where u is arbitrary element of Tx. Now, from all the cases, it is concluded that the multi-valued mapping T satisfies the inequality (.) for λ =   and L = . Hence, T is an almost multi-valued contraction that satisfies all the hypotheses of Theorem . Thus, the mapping T has a fixed point. Here x =  is such a fixed point. Lemma  Let X be a nonempty set and f : X → X be a function. Then there exists a subset E ⊆ X such that f (E) = f (X) and f : E → X is one to one. Proof By Lemma , there exists E ⊆ X such that f (E) = f (X) and f : E → X is one to one. Now, we define a map g :
Remark

Theorem  Let (X, d) be a cone metric space and let there exist an H-cone metric on C(X) induced by d. Suppose f : X → X is a self map such that f (X) is a complete subspace of X and T : X → C(X) is a multi-valued mapping with Tx
Clearly g is well defined as f is one to one. Also
for all fx, fy ∈ f (E) and u ∈ Tx = g(fx). Then, by Theorem , there exists fx  ∈ f (E) such that fx  ∈ g(fx  ) = Tx  . Thus x  is a coincidence point of f and T and hence ffx  = fx  . Let w = fx  , therefore fw = ffx  = fx  ∈ Tx  . By (.), we have
which gives Tx  = Tw. Therefore, w = fw ∈ Tw, that is, w is a common fixed point of f and T. for all x, y ∈ K and u ∈ Tx with some λ ∈ (, ) and
Theorem  Let (X, d) be a cone metric space and let there exist an H-cone metric on C(X) induced by d. Assume K is a nonempty closed subset of X such that for each x ∈ K and y
L ≥  such that λ( + L) < . Further assume (i) δK ⊆ fK ; (ii) ( x∈K Tx) ∩ K ⊆ fK ; (iii) fx ∈ δK ⇒ Tx ⊆ K ; (iv) fK is closed in X.
Then T and f have a coincidence point in X. Moreover, if ffx = fx for each x ∈ C(f , T), then there exists a common fixed point of f and T.
Proof Let x ∈ δK . We construct two sequences {x n } in K and {y n } in fK in the following way. Since δK ⊆ fK , there exists x  ∈ K such that fx  = x ∈ δK . So, by (iii) we get Tx  ⊆ K . Since ( x∈K Tx) ∩ K ⊆ fK , we have Tx  ⊆ fK . Let y  ∈ Tx  , then there exists x  ∈ K such that y  = fx  . Consider the element H(Tx  , Tx  ) ∈ E. If the right-hand side of (.) is θ at x = x  and y = x  , then, as fx  ∈ Tx  , we have d(fx  , fx  ) = θ and hence fx  = fx  . This and fx  ∈ Tx  imply fx  ∈ Tx  . Thus, x  is coincidence point of f and T.
Assume the right-hand side of (.) is not θ . Let e ∈ P be a fixed element such that e = θ . Since λ > , we have H(Tx  , Tx  ) ≺ , where = H(Tx  , Tx  ) + λe. Then, as y  ∈ Tx  , by the definition of an H-cone metric there exists y  ∈ Tx  such that
If y  ∈ K , then from (ii), we have y  ∈ fK . Therefore, there exists x  ∈ K such that y  = fx  . If y  / ∈ K , then, as fx  ∈ K , there exists a point p ∈ δK such that
Then, again using the definition of the H-cone metric, there exists y  ∈ Tx  such that
If y  ∈ K , then, again using (ii), we have y  ∈ fK . So, there is a point x  ∈ K such that y  = fx  . If y  / ∈ K , then there exists a point q ∈ δK such that
Again, since q ∈ δK ⊆ fK , there exists a point x  ∈ K such that q = fx  . Then, by (.),
Repeating the foregoing procedure we construct two sequences {x n } in K and {y n } in fK such that (a) y n+ ∈ Tx n , for each n ∈ N ∪ {};
Now we show that the sequence {fx n } is Cauchy and for this we define two sets P and Q as follows:
Clearly, if fx n ∈ Q, then fx n- and fx n+ lies in P. Now, it can be concluded that there are three possibilities. Case . If fx n ∈ P and fx n+ ∈ P, then fx n = y n and fx n+ = y n+ . Therefore, by using (b)
Thus, in view of (a) and (.), we have
Case . If fx n ∈ P and fx n+ ∈ Q, then fx n = y n and y n+ / ∈ K . Thus, (d) implies fx n+ ∈ δK
Regarding (.) and (b), we get
Since fx n = y n ∈ Tx n- , (.) gives
Case . If fx n ∈ Q and fx n+ ∈ P, then fx n- ∈ P, y n / ∈ K and fx n+ = y n+ . Thus, from (d)
By the triangle inequality, (.), and (b), we obtain
Since y n ∈ Tx n- , on account of (.), we derive from (.) that
Therefore, by using (b) and (.), we conclude that
Now, we define
Thus, from Case -Case , it follows that
where
Now we claim that for each n > ,
We shall prove it by mathematical induction. If n = , then (.) gives
Thus, (.) holds for n = . Let (.) be true for  ≤ n ≤ m, then we have to show that it is also true for n = m + . From (.), for n = m + , we have
Therefore, in both cases, (.) is true for n = m + . Thus, by the principle of mathematical induction the inequality (.) holds for each n > . Now, by the triangle inequality and (.), for any m > n, we have
where R n (μ) is the remainder of the convergent series ∞ n= nμ n  . As μ < , by (.) we get
Thus, by Lemma , for any c ∈ E with θ c there exists a positive integer N  such that d(fx n , fx m ) c for all n ≥ N  . Hence, the sequence {fx n } is Cauchy. Also, {fx n } is a sequence in K ∩f (K) and, being a closed subset of complete space X, K ∩f (K) is complete. Therefore, there exists z ∈ K ∩ f (K) such that fx n → z as n → ∞. Further, as z ∈ f (K), there exists w ∈ K such that z = f (w). By the construction of {fx n } there is a subsequence fx m such that Then, by the triangle inequality, we get
Since the subsequence {fx m } converges to z = f (w) and λ < , the right-hand side of the inequality (.) converges to θ as m → ∞. Therefore, in view of Lemma , for any c ∈ E with θ c, we can choose a positive integer N  such that d(fw, z m ) c for all m ≥ N  . Thus the sequence z m converges to f (w). As z m ∈ Tw and Tw is closed, we get fw ∈ Tw. Since w ∈ C(f , T), it follows that ffw = fw. Let z = fw and so fz = ffw = fw ∈ Tw. In view of (.) we have H(Tw, Tz) λd(fw, fz) + Ld(fz, fz) = θ , which gives Tw = Tz. Therefore, z = fz ∈ Tz, that is, z is a common fixed point of f and T.
If we let f = I (identity map) in Theorem , we obtain the following result as an extension of Theorem  of [] to a cone metric space. for all x, y ∈ K and u ∈ Tx with some λ ∈ (, ) and
Now, we present a non-trivial example which shows the generality of Corollary  over the corresponding existing theorems.
Then (X, d) is a cone metric space with a non-normal cone P. Let C(X) be the family of all nonempty and closed subsets of X and define a mapping H : 
Here δK = {, }. Clearly, for each x ∈ K and y / ∈ K there exists a point z =  or z =  ∈ δK , it can be checked that the inequality
is not satisfied for any δ ∈ (, ). Therefore, In this section the best approximation results for a multi-valued mapping in the setting of cone metric spaces are obtained.
Definition  Let M be a nonempty subset of a cone metric space X. A point y ∈ M is said to be a best approximation to p ∈ X, if d(y, p) d(z, p) for all z ∈ M. The set of best approximations to p in M is denoted by B M (p).
for all x, y ∈ M and u ∈ T n x. Hence, T is a multi-valued almost contraction. Since M is compact, by Theorem  for each n ≥  there exists x n ∈ M such that x n ∈ T n x n . Again compactness of M implies that there exists a convergent subsequence {x m } of {x n } such that x m → z ∈ M as m → ∞. Since T is continuous, the family F is jointly continuous and x m ∈ T m x m = h Tx m (k m ), we have z ∈ Tz, as k m →  as m → ∞. Thus T has a fixed point in M.
The following theorem ensures the existence of a fixed point from the set of best approximations. Remark  All results in this paper hold as well in the frame of tvs-cone metric spaces (see [] ).
Theorem 
